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NOMENCLATURE 
In this tabulation, the principal symbols are shown. Symbols which 
have only a temporary significance are defined in the text and are not 
listed here. 
Roman Letter Definition 
a radius of circular cylinder 
A component A of binary solution 
B component B of binary solution 
C dimensionless mass concentration of component A 
C total drag coefficient 
C friction drag coefficient 
C pressure drag coefficient 
C , » total drag coefficient extrapolated to infinite boundary 
position 
C-, pressure coefficient 
D diameter 
«© diffusivity of binary solution 
f function of a variable 
2 
G radial suction mass flux in gallons/day/ft 
I positive integer in angular direction 
J positive integer in radial direction 
k , local mass-transfer coefficient 
x, loc 
Ll,L3,L4 coefficients for numerical analysis in diffusion equation 
IX 
























number of grid spacings in angular direction 
number of grid spacings in radial direction 
radial mass flux of component A at the surface 
radial mass flux of component B at the surface 
2ak . 
x loc 
local Nusselt number, -r^r— 
CJO 
overall Nusselt number 
dimensional pressure 
2 
dimensionless pressure with respect to pU 
00 
dimensionless pressure at front stagnation point 
dimensionless pressure in uniform stream 
2aU 
Pec let number, —j:— 
radial distance in cylindrical coordinates, dimensional 
or dimensionless 
outer boundary position 






Schmidt number, j» 
uniform stream velocity 
dimensional radial velocity at the surface 
dimensional radial velocity 
dimensional angular velocity 
dimensionless radial velocity at the surface 
dimensionless angular velocity 
dimensionless radial velocity 
ter Definition 
mass fraction of component A 
angle in cylindrical coordinates, same as 0 
mesh size in angular direction 
axial distance normal to flow direction or radial 
distance from the cylinder wall 
mesh size in radial direction 
ter Definition 
relaxation factor in stream function equation 
relaxation factor in vorticity equation 
Euler's constant, 0.57721 
concentration polarization 
mass density of binary solution 
mass concentration of component A 
viscosity 
kinematic viscosity 
angle in cylindrical coordinates 
Laplacian operator 




refers to quantity evaluated at the surface of the 
cylinder 
refers to quantity in the uniform stream 
positive integer denotes a grid point whose angular 





positive integer denotes a grid point whose radial 
coordinate is z = JAz 
Xll 
SUMMARY 
A study of low Reynolds number flow perpendicular to a circular 
cylinder with constant radial suction mass flux at the surface was carried 
out by a numerical method. The system considered was a binary solution 
of A and B flowing perpendicular to the cylinder with one component, say 
B, being removed at the surface. The investigation was limited to high 
Schmidt numbers and Reynolds numbers from 0.5 to 10. The Schmidt number 
used in this study was 560 and corresponds to that of a dilute salt-water 
solution, which is the fluid of interest in desalination by reverse os-
mosis. The total density, viscosity, and diffusivity of the binary solu-
tion were assumed to be constant throughout the entire flow field. 
The purpose of this study was to determine the concentration 
buildup along the cylindrical surface, the local and overall mass-transfer 
coefficients at the wall, and the effects of constant radial suction mass 
flux on the flow pattern, drag coefficient, and the surface pressure dis-
tribution. 
This study required the solution of the Navier-Stokes equation, 
the equation of continuity, and the diffusion equation, subject to speci-
fied boundary conditions. This system of equations is non-linear, and no 
analytical solution could be obtained. Therefore, the solution was ob-
tained by numerical means. The whole flow field was covered by a rectang-
ular grid with a constant step size in the angular direction and with a 
small step size close to and a larger step size far away from the cylinder 
Xlll 
in the radial direction. The variable values were then considered as 
point functions at these grid points. The equation of motion was reduced 
to a single partial differential equation by introducing the stream func-
tion and eliminating the terms containing the pressure components. The 
resulting fourth-order partial differential equation in the stream func-
tion was split into two second-order partial differential equations, which 
were then approximated by finite difference equations which related the 
values of neighboring points in the flow field. Since both second-order 
partial differential equations were of elliptic form, a successive over-
relaxation technique was used. Relaxation factors, which were found by 
trial and error, were introduced in order to achieve faster rates of con-
vergence for the solutions of the stream function and vorticity. Further 
flow characteristics were then calculated from the known values of the 
stream function and vorticity. The flow patterns around the cylinder were 
obtained with the aid of a contouring program. 
Without radial suction flux at the wall, the flow patterns are al-
most symmetrical fore and aft at a Reynolds number of 1. As the Reynolds 
number is increased, asymmetry becomes more pronounced. At Reynolds num-
bers of 7 and 10, the flow patterns show flow separation and the appear-
ance of a pair of standing eddies behind the cylinder. However, with 
radial suction flux, the flow patterns show better fore-and-aft symmetry 
near the cylinder body. The constant streamlines have moved closer to 
the cylinder and their locations are dependent on the magnitude of the 
radial suction flux. Thus, when there is a radial suction flux at the 
wall, flow separation will be eliminated or delayed, depending on the mag-
nitude of the radial suction flux and the Reynolds number. 
XIV 
The drag coefficient increases as the radial suction flux is in-
creased. However, the friction drag coefficient increases more rapidly 
than does the pressure drag coefficient. This result correlates with the 
fact that the surface vorticity increases significantly with increasing 
radial suction flux, but the surface pressure distribution is relatively 
insensitive to this process. 
The Crank-Nicholson implicit finite difference technique was used 
to approximate the convective diffusion equation. The derivative in the 
angular direction was approximated by the Crank-Nicholson half-way point 
method. The derivative in the radial direction was given by the average 
values over two succeeding angular increments. The concentration profiles 
were then calculated down the stream. At each angular increment, there 
resulted N-l simultaneous equations in N-l unknowns for which the matrix 
of coefficients was tridiagonal in form. The method of Thomas was used 
in solving these simultaneous equations. 
The maximum local Nusselt number occurs at the front stagnation 
point. The local Nusselt number decreases with increasing distance from 
the front stagnation point and would continue to decrease if there were no 
flow separation. The contribution of the rear region to the overall mass 
transfer is very small. The overall mass-transfer coefficient can be 
approximated by the relation 
Nu .-/Sch1^ = b + 0.75 R1/2 overall 
where b depends on the magnitude of the radial suction flux. 
XV 
The results of the present analysis without radial suction flux at 





For more than a century, incompressible flow past a circular 
cylinder submerged in a viscous fluid has attracted considerable attention. 
However, no investigation to date has been done at low Reynolds numbers 
to include the case of constant radial suction mass flux at the cylinder 
wall. Since this problem is of practical interest in desalination opera-
tions by reverse osmosis, it was decided to study low Reynolds number flow 
perpendicular to a circular cylinder with constant radial suction mass 
flux at the surface. 
Previous Work and Results 
The study of the flow past a circular cylinder at low Reynolds 
numbers requires the solution of the Navier-Stokes equation and the equa-
tion of continuity, subject to specified boundary conditions. The com-
plete Navier-Stokes equation is so complicated that no analytical solution 
has been obtained. As early as 1851, Stokes (1) argued that the inertia 
forces, exhibited by the convective terms, were small in comparison with 
the viscous forces. He thus neglected the inertia terms, thereby obtain-
ing Stokes' approximation for the Navier-Stokes equation. Stokes' approx-
imation has been successfully used in the study of the flow characterist-
ics in the neighborhood of a sphere. However, when applied to the case of 
a cylinder, the solution of Stokes1 approximation can not be resolved, 
2 
because there exists no solution that satisfies both surface and infinite 
boundary conditions. This situation is known as Stokes' paradox. 
Stokes1 paradox was shown by Oseen (2) to arise from the singular 
nature of flow at low Reynolds numbers. He argued that the ratio of in-
ertia forces to viscous forces became arbitrarily large at sufficiently 
great distances from the surface, regardless of how small the Reynolds 
number might be. Rather than neglect the inertia terms altogether, Oseen 
approximated them by their linearized forms valid far from the cylinder, 
where the difficulty arose. Thus Oseen's equation provides a uniformly 
valid first approximation. 
Later, Lamb (3) gave the solution of Oseen's equation. For low 
Reynolds number flow perpendicular to a submerged cylinder, Lamb's result 
for the drag coefficient is 
S-SS-V-ln©)"1 <"> 
where y is Euler's constant 0.57721. 
Tomotika and Aoi (4) studied in detail the flow patterns around 
a circular cylinder. An analytical solution of Oseen's equation for ar-
bitrary Reynolds numbers was obtained. They concluded the surprising re-
sult that a pair of standing eddies were formed behind the cylinder, even 
when the Reynolds number was as small as 0.05. This is contrary to exper-
imental observations (5). Yamada (6) treated the same problem by the same 
equation but in a somewhat different way, with the view of determining 
the Reynolds number at which standing eddies make their appearance. He 
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concluded that Oseen's equation is valid only at very low Reynolds numbers. 
Therefore Tomotika and Aoi's results are doubtful. 
A perturbation technique has also been used to obtain the asymptotic 
solution, with Reynolds number as a perturbation parameter. The straight-
forward perturbation solution is not uniformly valid throughout the whole 
flow field. Kaplun (7) and Prounman and Pearson (8) independently studied 
the higher approximations to the flow past a circular cylinder at low Rey-
nolds number by the method of matched asymptotic expansions. Stokes' and 
Oseen's approximations were used in the region close to and far from the 
cylinder, respectively. However, the fact that the two expansions are 
both derived from the same exact solution leads to a matched procedure 
which yields further boundary conditions for each expansion. Thus it was 
possible to determine alternately successive terms in each expansion. 
Kaplun determined the drag coefficient as 
C D= Y ^ C R ) - 0.87 A^(R)) (1-2) 
where A^R) = (in | - y + j) 
These results are valid only at very low Reynolds numbers (R < 2). 
At higher Reynolds numbers (R > 2), almost every study has been 
done by experimentation or numerical analysis. Taneda (5) and Tritton (9) 
have carried out some valuable experiments, whose results have been used 
for comparison with numerical studies. 
The numerical study of the Navier-Stokes equation for viscous flow 
past a circular cylinder is very tedious and time-consuming when done 
4 
without machine aid. Therefore, not much had been done until recently 
when high speed electronic computers became available. The first attempt 
to study this problem numerically was reported by Thom (10,11) at Reynolds 
numbers of 10 and 20. The fourth-order differential equation in the stream 
function was split into two second-order differential equations, which 
were then approximated by finite difference equations which related the 
values of neighboring points on a flow grid. Since both equations were 
elliptic partial differential equations, an iteration technique was used 
to obtain solution in the form of the stream function and vorticity. 
Kawaguti (12) used the same technique and studied the same problem at a 
Reynolds number of 40. These calculations were performed by desk calcu-
lator and were very time-consuming, even with fairly large mesh size. For 
example, Kawaguti's study on this subject took about a year and a half 
with twenty working hours every week. 
Allen and Southwell's numerical study (13) by a relaxation method 
on this problem is not in accord with previous investigations. As crit-
icized by Kawaguti (14), their results showing the Reynolds number depend-
ency on the length of standing eddies behind a circular cylinder were in-
consistent with experimental and numerical results. 
Dennis and Shimshoni (15) reduced the equations of motion to a 
series of ordinary differential equations and solved these equations by a 
numerical method over the Reynolds number range of 0.01 to 10 . Their re-
sults have been questioned by Underwood (16), who used a semi-analytic 
method of series truncation developed by Van Dyke (17). Underwood also 
reduced the governing partial differential equations to a system of ordin-
ary differential equations which were then integrated numerically. A 
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fifth-truncation solution was shown to be accurate. His results for Rey-
nolds numbers from 0.1 to 10 gave good agreement with other numerical 
studies. 
Several unsteady state approaches of incompressible viscous flow 
past a circular cylinder were also investigated to determine the existence 
of steady state solutions at higher Reynolds numbers. Payne (18) obtained 
the numerical results at Reynolds numbers of 40 and 100 but did not extend 
his calculations far enough to reach steady state. Further, because his 
mesh size and time interval were large, solution errors were not mini-
mized. Later, Kawaguti and Jain (19) employed a finite difference ex-
pression in explicit form to calculate the stream function and vorticity 
at a later time, but they did not check their solution accuracy by vary-
ing the mesh size and time interval. 
Finally Son and Hanratty (20) employed the implicit-alternating 
direction technique, developed by Peaceman and Rachford (21), to obtain 
some insight into the nature of the steady flow field at infinite Reynolds 
number. Their results indicate that steady state features can be expected 
for Reynolds number up to 200. However Son and Hanratty did not obtain a 
complete solution at a Reynolds number of 500, because of the excess compu-
tation time required. 
For the numerical study of viscous flow past a circular cylinder 
in an infinite fluid, the computational field was restricted within an 
outer circular boundary. The outer boundary must be at a relatively large 
radial distance for low Reynolds numbers study. Extrapolation to an in-
finite boundary is required in order to obtain an accurate result. The 
extrapolation procedure used by Keller and Takami (22) to obtain results 
6 
applicable to a cylinder in a fluid of infinite extent was considered 
inadequate by Eamielec and Raal (23), who developed an extrapolation 
technique to obtain an asymptotic solution. Hamielec and Raal's extens-
ive numerical calculations showed that smaller step sizes were required 
for higher Reynolds number calculations. 
An understanding of the hydrodynamic behavior was essential to the 
study of the convective diffusion problem. In all previous studies men-
tioned, drag coefficients, pressure distributions, and flow patterns were 
the quantities investigated. Very few studies on mass transfer in this 
system have been done. Lohrisch (24) observed the absorption of water 
vapor on caustic cylinders and ammonia on cylinders wetted with phosphoric 
acid. Linton and Sherwood (25) measured the rate of solution of cast 
cylinders of organic acids in a stream of water. Dobry and Finn (26) 
studied experimentally the mass transfer to a cylinder at low Reynolds 
numbers by using a diffusion-limited electrode reaction occurring at the 
surface of the cylinder. Their results gave good agreement with heat-
transfer data obtained by Davis (27) at Prandtl numbers from 860 to 1240. 
Friedlander (28) applied the boundary-layer concept and obtained a theo-
retical solution for mass transfer to cylinders at low Reynolds numbers. 
His results were not reliable because he used the incorrect velocity pro-
file of Tomotika and Aoi. 
By using the von Mises transformation, Lighthill (29) reduced the 
diffusion equation to the heat conduction equation, which was then inte-
grated analytically. Thus, a concentration distribution near the surface 
was obtained for the case of constant surface concentration. As pointed 
7 
out by Sih and Newman (30) and Newman (31), the diffusion-layer solution 
is in error at the rear of the cylinder because the diffusion layer be-
comes too thick for the theory to apply. 
Based on the idea that mass transfer from interfaces are influenced 
by the fluid-dynamic condition, an expression relating mass transfer to 
hydrodynamic conditions over the entire surface of the cylinder was de-
veloped by Grafton (32). At the front stagnation point, the mass-transfer 
coefficient was expressed as 
Nuloc = 1.51 Sch
1/3 R1/2 (1-3) 
While not much has been done on mass transfer to a circular cylinder 
at low Reynolds numbers, many corresponding heat transfer problems have 
been treated. It is well known that the diffusion of heat and the diffu-
sion of mass are analogous under certain conditions. For example, for 
heat transfer the Nusselt number is a function of the Prandtl and Reynolds 
numbers, while for mass transfer at low mass-transfer rates it is the same 
function of the Schmidt and Reynolds numbers. Thus mass transfer results 
at low mass-transfer rates may be predicted from heat-transfer data by 
simply replacing the Prandtl number with the Schmidt number. 
McAdams (33) has reviewed most of the literature on heat transfer 
to cylinders. Piret, James, and Stacy (34) studied heat transmission from 
fine wires to water. Eckert and Soehngen (35) measured the heat-transfer 
coefficients around circular cylinders at Reynolds numbers from 20 to 500. 
Soehngen (36) extended the range of data into the regime of Reynolds num-
bers lower than 0.1. Cole and Roshko (37) and Ellingworth (38) also 
8 
studied the heat transfer from a circular cylinder at low Reynolds numbers. 
By using more accurate velocity profiles, Wood (39) and Hieber and 
Gebhart (40) studied the same problem and obtained a solution containing 
higher order approximations. 
Scope and Purpose of the Study 
In this study, a binary solution flowing perpendicular to a circu-
lar cylinder at a Schmidt number of 560 and Reynolds numbers from 0.5 to 
10 was considered. The Schmidt number of 560 is that of a dilute salt-
water solution at 25°C. The circular cylinder was assumed to be made of 
a semipermeable membrane which permitted the passage of one component uni-
formly. The total density, viscosity, and diffusivity of the binary 
solution were assumed to be constant throughout the whole flow field. 
The purpose of this analysis was to determine the concentration 
buildup along the cylindrical surface, the local and overall mass-transfer 
coefficients at the cylinder wall, and the effects of constant radial suc-
tion mass flux on the flow pattern, drag coefficient, and the surface 
pressure distribution. The results of this analysis can be applied to 
the design and operation of hollow-fiber reverse osmosis desalination units. 
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CHAPTER II 
MATHEMATICAL DESCRIPTION OF THE PROBLEM 
Statement of the Problem 
The system considered consists of a binary solution of A and B 
flowing perpendicular to a circular cylinder with one component, say B, 
being removed at the surface. This investigation is limited to high 
Schmidt numbers and low Reynolds numbers. The surface mass flux, n _, is 
BU 
assumed to be uniform and the physical properties of the binary solution 
are assumed to be constant. The following assumptions are also made in 
this study: 
(1) The flow is steady, isothermal, and two-dimensional with 
uniform stream velocity U . 
J 00 
(2) The fluid is Newtonian and of constant viscosity |i. 
(3) The mass density p and the diffusivity JQ of the solution are 
constant. 
(4) There is no wall slip. 
(5) There are no external forces acting on the system. 
(6) Angular symmetry is present. 
It was desired to determine the concentration buildup along the 
cylindrical surface, and the local and overall mass-transfer coefficients 
at the cylinder wall. In addition, the effects of constant radial suction 
mass flux on various flow characteristics were studied. 
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The difficulties encountered in the mathematical solution of this 
system were: 1) no accurate description of the flow field was available, 
and 2) the hydrodynamic boundary layer was too thick for boundary-layer 
theory to apply. The governing equations which describe the physical 
problem can be found in references (41, 42). 
Fluid Flow Equations and Boundary Conditions 
The system studied here is represented in the cylindrical coordinate 
system, with the angle 0 measured from the upstream axis and the distance 
z measured along the cylinder axis. The flow diagram is shown in Figure 1. 
U 
Figure 1. Cylindrical Coordinate System 
The term "a" is the radius of the cylinder, and v and vfi are the velocity 
components in the r- and 8-directions, respectively. Under the assumption 
of two-dimensional flow, there will be no flow in the z-direction and the 
velocity component in the z-direction, v , and all derivatives with respect 
to z are zero. Therefore, the governing differential equations of the sys-
tem can be written as 
11 
Equation of Continuity 
dr r rd9 
(2-1) 
Equation of Motion in r-Direction 
/ * v r ^
 ve S vr ve \ 
PVVr "oT + T ^0 " r ) 
op 
(2-2) 
, r v r l o v r v r 1 o v r 
+ 111—5- + 2 + 2 2 
kor r 3r r r o0 
< r 2 o9 
Equation of Motion in 9-Direction 
PVVr"1* r o9 + r ) ' r £9 
(2-3) 
^ v SvA vn 1 a*v„ 2 0v, 
+ /"
 ve , 1 ^e l i , 1 _ 
* \ZJ + " _ " „2 + „2 
+ 2 ' 2 
dr~ r dr r** r^ a 9 r 09 
Boundary Conditions 
at r = a, vr(r,0) = vQ 
and vQ(r,9) = 0 
at r = oo, vr(r,0) = -U^ cosi 
(2-4) 
and vn(r,G) = U_ sin9 
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where vn is the uniform radial suction velocity at the surface. 
Dimensionless Forms of Flow Equations and Boundary Conditions 
The flow equations and boundary conditions can be made dimension-
less by defining suitable dimensionless variables. For the problem of 
interest, the uniform stream conditions were used as reference quantities 
and the radius of the cylinder was used as a characteristic length. The 
dimensionless variables are defined by 
V = v /U V = v . / U V = v / U ( 2 - 5 ) 
r r o o 9 6 o o 0 0 c o 
P = p/pU2 R = 2aU p/jj, 
where R is the Reynolds number. 
By introducing the above dimensionless variables into the governing 
Equations (2-1) through (2-4), the dimensionless forms of the equations 
of continuity and motion together with the boundary conditions take the 
following form: 
Equation of Continuity 
W v l av 
r-^ + ~ + - ^ = 0 (2-6) 
o" r r r 38 
Equation of Motion in r-Direction 
Vr^r+\!Ir_lL_!I (2-7) 
or r 39 r 3r 
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Equation of Motion in 9-Direction 
+ 
r or r se r r B9 
2 / 32Ve 1 BVQ Ve 1 B
2VQ 2 BV. 
\ 2~ + 2 + ~~2 2~ "~2 
R dr r dr r r oG^ r £9 
Boundary Conditions 
at r = 1, Vr(r,6) = VQ 




at r = oo, Vr(r,e) = - cos( 
and VQ(r,9) = sinG 
Note that, in the dimensionless equations, r is the radial distance di-
vided by the radius a. 
Diffusion Equation and Boundary Conditions 
The equation of continuity of component A can be written as 
*PA +
 V9 aPA a / ^ A **PA ^ l *2PA\ 
v + = £ ( J + + T 2") 
dr r o9 v Sr r^r r d9 ' 
(2-10) 
with the boundary conditions 
at r = co, pA(r,9) = p Aoo 
at 9 = 0, op /oG = 0 
(2-11) 
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in which p is the mass concentration of component A. The subscript °° 
indicates the quantity in the uniform stream. 
Fick's first law of diffusion can be written in terms of the mass 
flux at the surface of the cylinder as 
nA0 = WA0 (nA0 + nBo) " Ptf(sT) r=a (2'12> 
in which the subscript 0 indicates values evaluated at the surface of 
the cylinder. 
Since component A is completely rejected at the surface of the 
cylinder, n1A must be zero. Substitution of n„rt = pv_ and w. = pA/p into J AO BO v 0 A Â r 
Equation (2-12) gives the third boundary condition for the diffusion 
equation 
M ^ l - ̂  (2-13) 
pA W ) r=a " £
 C2 U) 
Dimensionless Forms of Diffusion Equation and Boundary Conditions 
Equations (2-10), (2-11), and (2-13) can be made dimensionless by 
defining the following dimensionless mass concentration 
c =
 PA/ PA rA KAa> 
Therefore the governing diffusion equation together with its boundary 
conditions becomes 
dC V BC 2 /0
2C 1 BC 1 d2CN 
V + - S _ = _ ( + - _ + _ _ ) (2-i4) 
or r 99 Pe V r or r oGi ' 
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a t r = °°, C( r ,9 ) = 1.0 (2-15) 
at e = o, dc/$e = o.o 
,. _ i I 2 c !!o 
a t r " L> C d r " JB 
where Pe i s the Pec l e t number defined as 
Pe = 2aU /jft 
The resulting diffusion Equation (2-14) can be further simplified 
by performing a qualitative "order of magnitude" analysis. This method 
was originally devised by Prandtl (42) to show that the Navier-Stokes 
equation could be simplified to yield approximate solutions for many fluid 
flow problems. 
Assuming that diffusion in the angular direction can be neglected 
at high Schmidt numbers, the governing diffusion equation is given by the 
parabolic differential equation 
dC V„ o€ s c 19c 
V + 
Br r 36 Pe dr r dr 
(2-16) 
A similar approximation was employed by Levich (43) for convective diffu-
sion to a sphere. 
The resulting equations of continuity, motion, and diffusion to-
gether with the boundary conditions in dimensionless form, Equations (2-6) 
(2-7), (2-8), (2-9), (2-15), and (2-16), constitute the mathematical 
description of the physical problem of this study. These equations were 
solved numerically as described in the next chapter. 
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CHAPTER III 
TECHNIQUE FOR NUMERICAL SOLUTION 
Many differential equations describing a physical problem are so 
complicated that their analytical solutions can not be found. Numerical 
techniques are often used to overcome this difficulty. The finite dif-
ference approximation method has become a very powerful tool for solving 
many fluid flow problems, especially with the aid of modern high speed 
computers. As its name implies, the finite difference approximation 
method is an approximate technique. However, by using smaller step sizes 
(at the expense of computation time), the errors involved in solving the 
complete equations can be minimized. 
In order to obtain the numerical solution, the differential equa-
tion has to be converted into some special form suitable for numerical 
operations. The system of interest is divided into finite grid points. 
The values of a variable are then considered as point functions on these 
grid points. The derivatives and variables appearing in the differential 
equation must first be replaced by some approximate finite difference 
form, with the result that the differential equation is replaced by a fin-
ite difference equation. The resulting finite difference equation can 
then be solved by algebraic and arithmetic procedures. 
System of Grid Points 
Let the flow field be covered by the cylindrical grid system shown 
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in Figure 2, where A6 and £jc are angular and radial increments, respec-
tively. For computational efficiency the radial coordinate will be re-
placed by 
z 
r = e 
with a constant step size in z. For convenience 8 will be replaced by x. 
The flow field can then be represented by the rectangular grid system 
shown in Figure 3, with constant step sizes of Az and Ax in the z- and 
x-directions, respectively. I and J are positive integers denoting the 
location of a grid point. Thus a grid point represented by (I,J) has the 
space coordinates x = IAx and z = JAz. 
Approximations of Derivatives by Finite Differences 
Depending on the accuracy desired, derivatives may be approximated 
by several different finite difference forms. The basic principle in 
establishing a finite difference approximation to the derivative of a de-
pendent variable at a point is the application of a Taylor's series ex-
pansion to the value of that variable in the vicinity of that point. Re-
ferring to Figure 3, the value of a variable at a grid point (I,J) can be 
expressed as 
f-j- j = f(IAx,JAz) (3-1) 
Using Taylor's series expansion and assuming that sufficient numbers of 
derivatives exist, the values of a variable at two points (x,z) and 
(x+Ax,z+Az) may be related by 
18 
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i , j I+I , J 
A 
I , J - I 
«• Ax * 
TT 
Figure 3. Rectangular Grid System 
19 
f (x + Ax, z + Az) = f (x , z ) + (Ax — + Az | ^ f (x , z ) (3-2) 
2 
+ T\ (Ax £ + Az h) f(x,2) + • • • 
+ JT^iy (*< h + Az a!)" f ( x > z ) + R n 
where the remainder term is given by 
Rn = nT (Ax tx" + AZ &l) f(X + ̂ AX' Z + §AZ) (3"3) 
with 0 < I < 1. 
That is 
R = 0((|Ax| + |Az|)n) (3-4) 
Equation (3-4) means there exists a positive constant M such that 
|R | ̂  M(|Ax| + |Az|) as both Ax and Az tend to zero. 
Based on Taylor's series expansion and the convention of Equation 
(3-1), expansions for fT,-, T and f - about its value at the central 
point result in 
ri+l,j r i , j + A x + o t ~
 + , 73 + 7T + - - - < 3 - 5 ) 
ox 2! Sx 3! ox 4 ! o x 
fT 1 T = f T T - Ax M + Mi^f.Axi^f+Ax^^f + < _ ( 3 _ 6 ) 
i " i ' J i , J ox 2! £x 3 ! 0 x
J 4.' Bx4 
where a l l d e r i v a t i v e s a r e evaluated a t the po in t ( I , J ) . As long as Ax i s 
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sufficiently small, terms of the order of Ax and higher may be neglected. 
Then from Equation (3-5), a first approximation to df/£x is 
M =
 fi+i,J ' £i,J + 0 ( A x ) 
bx Ax 
(3-7) 
and from Equation (3-6), another expression is obtained 
£f _ £I,J " fI-l,J 
ox Ax 
+ 0(Ax) (3-8) 
If Equation (3-6) is subtracted from Equation (3-5) and terms of 
3 
the order of Ax and higher are neglected, then 
M - fi+i,J " fi-i,J , n,A 2. 
1* ^ 5 ^ + 0(Ax ) 
(3-9) 
where 0(Ax ) is the truncation error, which is the difference between the 
derivative and the finite difference approximation used to represent it. 
When a certain expression has a truncation error of the order of &x , it 
means the error involved is no greater than some positive constant multi-
plied by Ax . Equations (3-7), (3-8), and (3-9) are called the forward, 
backward, and central difference approximations, respectively. 
Adding Equations (3-5) and (3-6) and neglecting terms of the order 
3 2 2 
of Ax and higher, a first approximation to $ f/̂ x , correct to the sec-
ond order, is 
ii =
 fi+i,j -




There are many ways of approximating the same derivative. The 
particular choice of method depends on the accuracy desired and determines 
the computational procedures to be used. 
The finite difference approximation having higher than second order 
truncation errors can be obtained by considering additional points such 
as (1-2,J) and (1+2,J). Also it is necessary to find an approximation of 
df/dx to be used on or adjacent to the boundary points. Therefore sev-
eral different expressions of df/dx which were used are 
df I-l.J I,J I+l.J 1+2,J .rtz.3. /oii\ _ = , _ + 0 ( A X ) (3-11) 
f - ftf 4- ftf - f 
M = 1-2,3 i-i.J2J
 I + M li^i + 0(AX4) (3.12) 
- U f ^ j + 18fI+1|J^-^9fI+2iJ + 2fI+3iJ + Q ( ^ 3 ) ( 3 ^ 3 ) 
- 3f + 4f - f 
| f = Li I±Li I±Li + 0(Ax
2) (3-14) 
dx 2Ax 
Many more finite difference representations for the derivatives are given 
by Lapidus (44). 
Dimensionless Forms of Equations of Motion in Terms 
of the Stream Function and Vorticity 
Equations (2-6), (2-7), and (2-8) can be combined into a single 
partial differential equation by introducing a new variable, the stream 
function. The stream function il is defined as 
22 
V = - iff (3-15) 
r r d9 
9 Sr 
such that the equation of continuity (2-6) is automatically satisfied. 
If the equations of motion in the r- and 9-directions are differentiated 
with respect to 9 and r respectively, the two resulting equations can 
be combined to eliminate the terms containing the pressure components. 
After doing some mathematical manipulation and using the equation of con-
tinuity to simplify the equation, there results the fourth-order differ-
ential equation for the stream function 
„4, J. R fhl iL M S\ J. n (3-16) 
where the Laplacian operator V is defined by 
2 2 
72 _ B , 1 5 , 1 3 
Sr r Sr r S9 
A dimensionless vorticity C, is defined by 
C= v * (3-17) 
which enables Equation (3-16) to be rewritten as 
2 r + l(Mi.My c = ^ 2r \ae dr 3r 39; t (3-18) 
Since the stream function and vorticity vary most rapidly near the 
cylinder surface, a smaller step size is required in this region. The 
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step size used in the radial direction is increased as r increases, ac-
cording to the relation 
r = eZ (3-19) 
Thus, far from cylinder surface, a larger step size is used. This device 
will considerably reduce the computation time. 
With the substitutions of Equation (3-19) and 9 = x back into the 
equations of motion, the dimensionless forms of the flow equations may be 
expressed in terms of the new set of dependent variables ty, £, z, and x 
as follows: 
Stream Function Equation 
^ + ̂ +ip.Mi£)=o (3-20) 






v = ±-M 
X Z 
e oz 
V = - ^ 
(3-22) 
2 z • * e dx 
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Boundary Condit ions 
a t x = 0, Tjr = 0, C = ° (3-23) 
a t x = TT, ty 
a t z = 0 , \|j 
a t z = oo, iji 
= - VQTT, C = 0 
2 2 
- - V Q x , C - 2
 + 2 
0X ^Z 
e s i n x - Vnx, £ = 0 
Dimensionless Governing Diffusion Equation 
in Terms of New Variables 
The diffusion equation together with its boundary conditions can 
be rewritten as follows: 
V- e' *- + V„ e — = — ^7? >z £ £ z - $z ' vx w $x pe dz< (3-24) 
at x = 0, ~ = 0 (3-25) 
ox 
at z = 0°, C 
n 1 oC
 aV0 
at z = °> c 5 1 = oE) 
The last boundary condition can not be applied directly. Assuming a start-
ing concentration at the surface, the concentration at every grid point 
will be calculated and then used to recalculate a better value of surface 
concentration according to the satisfaction of the boundary condition. 
Outline of Numerical Solution 
By using the derivatives given in the previous section, the finite 
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difference forms of the governing equations are first derived. The pro-
cedure of the numerical technique is given in the following section. 
Finite Difference Forms of the Stream Function and Vorticity Equations 
Using the approximation of derivatives accurate to the second 
order, the stream function and vorticity equations can be approximated by 
2 
+ I , J = ~ ~~27 [ * I + I , J + +1-1,j + ( * I , J + I + + I , J - I ) ^ ( 3 ' 2 6 ) 
2(l + ^ r ) 
* 2 2z - Ax e CI.J] 
and 
' I ,J T-TA iW + ' I - I . J + (ti.j+i + C I . J - I ) ^ ( 3 '27) 
2 ( 1 + 2) 
Az 
+ 8 Az LvI+l ,J " ^ I - l , j ) \^L,J+1 " ^ I , J -1 / 





 + ~ — r x [+i+i,j+ *I-I ,J 
2(1 + ^ _ ) 
(3-28) 
Az 
2 . 2. 
+
 (*I ,J+I
 + *i.j-i)f2 - K1 + fr) h, 
Az Az 
* 2 2z - Ax e k,j] 
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and 
^,j = CI.J + 
Az 
+ U,J+1
 + ^I,J-l) 
2. 1A+1,J + ^I-1,J (3-29) 
Ax 
Az' 
+ f ̂  [(*I+1,J • *I-l,j) (CI,J+1 " CI,J-l) 
" (*I,J+1 " *I,J-l) (CI+1,J " CI-l,j)] 
(l + fi) ^ } 
Az ' 
- 2 1  
where of and |3 are called relaxation factors, the values of which are found 
by trial and error so as to achieve faster convergences for the solutions 
of the stream function and vorticity. A successive over-relaxation method 
(44,45) will be used to calculate the values of ty and £. As soon as a 
new value (ty , £' ) is calculated, the old value will be replaced. 
J-, J J., J 
Therefore the most recent estimates of ty and £ are always used in the it-
eration procedure. 
The vorticity distribution on the cylinder surface must be known 
in order to proceed with the calculation. This can be obtained from the 
values of \|f near the cylinder surface. If \(i can be expressed as a poly-
nomial function of z, as was done by Jenson (46) in the study of viscous 
flow round a sphere 
2 3 
= a + bz + cz + dz 
(3-30) 
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and since V = 0 and ty = - Vnx on the cylinder surface, Equation (3-30) 
reduces to 
hence 
= - VQx + cz
2 + dz3 (3-31) 
A2^ 
^-f = 2c + 6z (3-32) 
dz 
Therefore the vorticity distribution on the surface is 
C1.0 = ( M U (3-33) 
or 
Mz 
r n = - ^ ±j ^ (3-34) 
•"•' 2Az 
Finite Difference Form of Governing Diffusion Equation 
The Crank-Nicholson implicit finite difference technique (47) is 
used to approximate the diffusion equation. The derivative in the angu-
lar direction is approximated by the Crank-Nicholson half-way point 
method. The radial derivatives are given by the average values over two 
succeeding angular increments. The following finite difference forms are 
used for the differential terms 
C - C 
££ = I+1,J I»J + 0(Ax
2) (3-35) 
dx Ax 
BC _ 1/°I+1,J+1 "l+l,J-l "l,J+l % J - 1 \ Q( 2 
Bz ~ 2\ 2Az 2Az / U Z ; 
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32C 
oz 2 2 
lfl+l.J+l " 2CI+1,J + CI+1,J-1 ^ CI ,J+1 ' 2 C ' - + C 
Az 
- ^ I^ + 0(Az
2) 
Az 
From Equation (3-24) the following finite difference approximation is 
obtained 
(LI + L3)CI+1>J_1 - (2L1 + L4)CI+1)J + (LI - L3)CI+ljJ+1 = (3-36) 
- (LI + L3)C]. x + (2L1 - L4)CI - (Ll - L3)C]. ± 
where 
Ll = l/(PeAz ) (3-37) 
L3 = e (V + V )/(8Az) 
ZI+1,J ZI,J 
L4 = e (V + V )/(2Ax) 
XI+1,J XI,J 
At the front stagnation line, the following finite difference approxima-
tion is used: 
(TIT + TT V > O , J - I -'Az"Pe 4Az ~0,J' "'" * Az2Pe °'J 
(3-38) 
VAz Pe 4Az z0,j' U' 
J+l = 0 
The concentration profiles will be calculated down the stream. At each 
angular increment, Equation (3-36) is written once for each point from 
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J equal to 1 to J equal to N-1. This results in N-1 simultaneous equations 
with N-1 unknowns for which the matrix of coefficients is tridiagonal in 
form. The method of Thomas (48) is particularly useful in solving these 
special simultaneous equations. It holds the advantages over the 
Gaussian Elimination Method in that it avoids the error growth associated 
with the back solution of the elimination method and in that it minimizes 
the storage problem in machine computation. The algorithm of the method 
of Thomas is given in Appendix A. 
The concentration on the cylinder surface, C*, is guessed first to 
start the calculation of the concentration profile. A new value of C* is 
then calculated from Equation (3-25c). A test is made to see if the dif-
ference between the guessed value and the new value is less than 1.0 X 
10 . If not, the method is repeated using the new value of C* as the 
next guess. 
Procedure of Numerical Calculations 
The sequence of operations which must be performed in order to com-
pute the desired quantity can be summarized by the following steps 
(1) The values of £ are set equal to zero. The initial values of 
\|i at every interior point are assumed equal to the ideal flow 
solution given by ty = r sin x. 
(2) Iterative calculation of ty using Equation (3-28) along with 
the appropriate boundary conditions is continued until the 
difference in the values of ty between successive calculations 
is less than 1.0 X 10~ . 
(3) The values of £ on the surface are then calculated from 
Equation (3-34). 
30 
(4) New values of ty are calculated using Equation (3-28) with its 
boundary conditions. 
(5) Step (3) is repeated. 
(6) New values of £ are calculated using Equation (3-29) with its 
boundary conditions. 
(7) Repeat steps (4) through (6) until changes in the values of 
\|f and C, from previous calculations are each less than 1.0 X 
10 . Note that the most recently calculated values of ty and 
C, are always used in steps (4) and (6). 
(8) V and V are calculated from Equation (3-15) by using a 
X Z 
higher order approximation to the derivative. 
(9) Drag coefficient and surface pressure distribution are then 
calculated from the convergent values of the stream function 
and vorticity. 
(10) The concentration distribution and mass-transfer coefficient 
are obtained using Equation (3-36). 
Other Flow Characteristics 
Pressure Distribution on the Surface of the Cylinder 
The pressure distribution along the cylinder can be obtained from 
the equations of motion. Since Vn and $V /̂ 9 are both equal to zero at 
U r 
the front stagnation line, the equation of motion in the r-direction can 
be reduced to 
3V 3P 0 /3
2V^. n SV̂ . V^ n d
2V^ 0 BV£ 
V -r^ 
r 3r 
 2 ,3 Vr x SVr Vr l 3 Vr 2 BV
+ ^ = R \-^ +7F"-72+775eT--72"leJ (3"39) 
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Hence 
3V 3P r 
r $r 
Integrating with respect to r 
- 3r Rr ̂ 36^6=1 
po " p» = 1 i1 - vo ) + I J" (i)e=odz (3"4°) 
In Equation (3-40) the quantity P is the pressure in the plane 9 = 0 far 
from the cylinder, and P. is the pressure at the front stagnation point. 
On the surface of the cylinder since VQ and all derivatives with 
respect to 9 are zero, the equation of motion in the 9-direction can be 
reduced to 
r dr 
3VD 9P 2 3 \ , 3V 
+ 7 ae = I (rr +7iTJ (3"41) >3r' 
On the surface 
W /r=l ^z=0 (3-42) 
hence 
( f U = I (!f)Z=0 -
 V0 ̂ 0 ^-43> 
Integrating with respect to 9 
P - ?n = i I (T^) n d9 - Vn f C n
d© (3-44) 
0 R J n \dz/z=0 0 J n V=0
 v 
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where P is the pressure at any point on the surface. From Equations 
(3-40) and (3-44) the pressure distribution on the surface of the cylinder 
is obtained and is given in the form of the pressure coefficient defined as 
P - P 
c 
CP = I 2~~ 
(3-45) 
Drag Coefficient 
The drag on the cylinder is usually expressed in terms of a dimen-
sionless drag coefficient 
drag coefficient = 
drag force in the flow direction 
projected area normal to the direction 
of flow X kinetic energy 
The drag coefficient due to the pressure C is given by 
c__ = 2 I P cose de DF Jo 
(3-46) 
The frictional drag coefficient C is given by 
DF =u:̂  0 sinG de (3-47) 
Mass-Transfer Coef f i c i en t 
A loca l mass - t r ans fe r c o e f f i c i e n t k .. may be defined as 
x , l o c 
CQ - Cc 
c x , l o c C T \dr/r=l (3-48) 
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z \C - 1 dr/r=l 
(3-49) 
and the overall Nusselt number for mass transfer is 
Nu overall Nu loc " = - M l (FTT tf)r=l d9 <3-50) 
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CHAPTER IV 
RESULTS AND DISCUSSION 
Introduction 
Numerical solutions of the equations describing the mathematical 
model were obtained with the aid of an Univac-1108 electronic digital 
computer. The complete computer program for the numerical calculations 
of this study, together with its subroutines, is given in Appendix B. 
The program is written in the Fortran V language. 
Calculations were made for a Schmidt number of 560 and Reynolds 
numbers from 0.5 to 10. Although this study could have been extended to 
higher Reynolds numbers without any modification, the computation time 
became impractical at higher Reynolds numbers. For example, initial cal-
culations at a Reynolds number of 40 were made to test the computer pro-
gram, and the computation time was found to be excessive (18 minutes). 
Since no study was made for Reynolds numbers between 10 and 40, the results 
for a Reynolds number of 40 are not included. 
For each run, the convergent values of the stream function and 
vorticity were first calculated and these values were then used to compute 
other flow characteristics. Since both the stream function and vorticity 
equations were of elliptic form, a successive over-relaxation technique 
was used. Relaxation factors, which were found by trial and error, were 
introduced in order to achieve faster rates of convergence. The term 
"convergence" is used to connote that when the difference in the values 
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of a physical quantity between two successive calculations is less than 
the error specified, the quantity has converged. 
Various angular and radial step sizes were used to test the con-
vergence of the computations and the accuracy of the solutions. The ma-
jority of computations were performed using a 31 by 46 or a 31 by 61 grid 
with the totals of 1426 and 1891 grid points respectively. The step size 
used in the radial direction and the number of grid points (and therefore 
the outer boundary position) varied with the Reynolds number and the 
radial suction flux. Computation time was found to increase remarkably 
as the outer boundary was moved away from the cylinder, and this increase 
was further magnified as the Reynolds number was increased. For a typical 
run with a 31 by 61 grid at a Reynolds number of 1, the execution time 
was about 140 seconds. The execution time was nearly doubled for the 
same run but with a 61 by 61 grid. At higher Reynolds numbers, the exe-
cution time was much longer, for the solution converged more slowly. 
The results of this study are presented in two sections: zero 
radial suction mass flux and constant radial suction mass flux. The 
former is a special case of the latter. The study of zero radial suction 
mass flux was undertaken to ascertain the reliability and the accuracy of 
the finite-difference technique and the computer program by comparing the 
results obtained in the present study with the results of other numerical 
studies and experimental investigations. 
Zero Radial Suction Mass Flux 
Drag Coefficient 
The drag coefficient has been the most popular quantity investigated 
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in the study of incompressible flow past a circular cylinder submerged in 
a viscous fluid. The results of the present study are summarized in 
Table 1. Also shown in Table 1 are step sizes, outer boundary position, 
and relaxation factors used. 
The effect of step size on the accuracy of the solution for a 
Reynolds number of 1 was investigated in detail and is shown in Table 1. 
For Reynolds numbers other than 1, various radial step sizes and a con-
stant angular step size were used. The results indicate an angular step 
size of 6° and a radial step size (Az) of 0.1047 were fine enough to ob-
tain an accurate solution. 
The drag coefficient at any given Reynolds number was obtained by 
numerical integration of Equations (3-46) and (3-47), using Simpson's 
rule. For numerical analysis purpose, the field of computation must be 
restricted within an outer circular boundary. It was found that the outer 
boundary for undisturbed flow must be at a relatively large radial dis-
tance for low Reynolds numbers. This wall effect was very serious for 
Reynolds numbers less than 5. In the present study, the drag coefficient 
at infinite boundary position C , * was obtained from the intercept of a 
plot of C against the reciprocal of the radial position of the outer 
boundary r . Figure 4 shows such a plot. A nearly straight line was ob-
tained for each Reynolds number studied. It is seen that the slope of 
each curve approaches zero as the Reynolds number increases. Hamielec 
and Raal's extrapolation technique which suggests a plot of C against the 
reciprocal of the square of the outer boundary position was found to be 
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Figure 4. Variation of Drag Coefficient with the Position 
of Infinite Boundary 
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Drag coefficients at infinite boundary position C , v are plotted 
against Reynolds numbers in Figure 5 and compared with numerical solutions 
by Keller and Takami, Hamielec and Raal, and Underwood, and also with ex-
perimental data by Tritton. The agreement for the Reynolds numbers re-
ported is very good. The larger values of C , . observed in the experi-
ments by Tritton and the larger values calculated by Underwood are inter-
preted as due to wall effect. Hamielec and Raal's results showed slight 
differences from the present study. The differences mainly came from the 
calculation of C p, which required double integration of Equation (3-46) 
by Simpson's rule. The results of the present study and those of other 
numerical studies are also tabulated in Table 2 for the various Reynolds 
numbers reported. 
Table 2. Drag Coefficients Calculated by Various Workers 
Dfe} 
Underwood Hamielec Keller Present 
& Raal & Takami Study 
0.4 20.11 







6.83 6.64 6.62 
4.52 4.43 4 .41 
3.28 




measurements by Tritton 
—-o-—present study 
• Underwood 
A Hamie lec & Raa l 
V K e l l e r & Takami 
1.0 










0.0 0.2 0 . 4 0 . 6 
log R 
0.8 1.0 
Figure 5. Comparison Between Numerical Calculations and 
Measurements of the Drag Coefficient 
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Surface Pressure Distribution 
The pressure on the cylindrical surface is given in the form of 
the pressure coefficient C defined by Equation (3-45). Calculated 
surface pressure distributions are shown in Figure 6 for Reynolds numbers 
of 1, 2, 4, 7, and 10. Also shown in Figure 6 is the pressure distribu-
tion for ideal flow (zero viscosity). It is seen that the minimum pres-
sure occurs at the rear stagnation point at a Reynolds number of 1. 
Underwood obtained this result at a Reynolds number of 0.4. The position 
of the minimum pressure moves towards the upstream side of the cylinder 
with increasing Reynolds numbers. It is also noticed that as the Reynolds 
number increases, the rear stagnation pressure rises while the front stag-
nation pressure falls to one, which is the result of the ideal flow 
solution. 
In Figures 7 to 9 the calculated surface pressure distributions are 
compared with numerical solutions by Keller and Takami and by Underwood 
for Reynolds numbers of 2, 4, and 10, respectively. The agreement is ex-
cellent in the front portion of the cylinder. However, there is a slight 
difference in the rear of the cylinder. 
Surface Vorticity Distribution 
The vorticity distributions around the surface of the cylinder are 
shown in Figure 10 for Reynolds numbers of 1, 2, 4, 7, and 10. It is seen 
that the surface vorticity increases in the front portion of the cylinder 
and decreases in the rear portion of the cylinder with increasing Reynolds 
numbers. As the Reynolds number increases to some extent, the vorticity 
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Figure 8. Surface Pressure Distribution for R = 4.0 
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Figure 10. Surface Vorticity Distributions Calculated 
for Various Reynolds Numbers 
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vorticity changes sign indicates the flow separation point. It is seen 
in the present study that a pair of standing eddies form behind the cy-
linder at Reynolds numbers greater than 7.0. 
The calculated surface vorticity distributions are compared with 
numerical solutions by Keller and Takami for Reynolds numbers of 2, 4, 
and 10 in Figures 11 to 13, respectively. The agreement is excellent. 
Flow Patterns 
Streamlines of this study were obtained with the aid of a Contour-
ing Program by California Computer Products (49). Some interesting flow 
patterns are shown in Figures 14 to 18 for Reynolds numbers of 1, 2, 4, 
7, and 10, respectively. These streamlines are important because they 
represent the fluid flow patterns around the cylinder. At a Reynolds num-
ber of 1 (Figure 14), the flow patterns are almost symmetrical fore and 
aft. As the Reynolds number is increased, asymmetry becomes more pro-
nounced. Figures 17 and 18 show flow separation and the appearance of a 
pair of standing eddies behind the cylinder. 
It is seen that the streamline of i|i = 2.0 tends to be less curved 
with increasing Reynolds number, indicating that the flow becomes undis-
turbed at a smaller distance from the cylinder as the Reynolds number is 
increased. This means that the wall effect is less important at higher 
Reynolds numbers. The same conclusion was reached in the study of the 
drag coefficient. 
At the infinite boundary position the fluid does not feel the 
existence of the cylinder body. Therefore the streamlines are parallel 
to the axis of symmetry. 
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Constant Radial Suction Mass Flux 
Low Reynolds number flow perpendicular to a circular cylinder with 
constant radial suction mass flux was investigated for a pure fluid and 
for a binary solution. The radial suction flux is expressed in gallons 
per day per square foot as shown in Appendix C. 
Pure Fluid 
The constant radial suction fluxes studied ranged from 17 to 115 
gallons per day per square foot for a diameter of 100 microns and for 
Reynolds numbers from 0.5 to 10, and the radial suction fluxes ranged from 
3 3 
3.81 X 10 to 15.27 x 10 gallons per day per square foot for a diameter 
of 100 microns and for a Reynolds number of 1. The computational param-
eters used and the drag coefficients calculated at radial suction fluxes 
less than 120 gallons per day per square foot are summarized in Table 3. 
The results indicate that under constant radial suction mass fluxes less 
than 120 gallons per day per square foot the drag coefficients are not 
significantly affected by the radial suction flux. The effect of very 
high radial suction mass flux on the drag coefficient is shown in Table 4 
for a Reynolds number of 1. The drag coefficient increases as the radial 
suction flux is increased. The friction drag coefficient increases more 
rapidly than does the pressure drag coefficient. This result correlates 
with the fact (to be seen later) that the surface vorticity increases sig-
nificantly with increasing radial suction flux but the surface pressure 
distribution is relatively insensitive to this process. 
The effect of constant radial suction mass flux on the surface 
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Figure 19. Surface Pressure Distribution Showing the Effect of Radial 
Mass Flux at a Reynolds Number of 1--Pure Fluid 
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Table 4. Effect of Radial Suction Flux on Drag Coefficient--Pure Fluid 




CDF CDP CD 
0.0 0 5.373 5.485 10.858 
0.2 3.81 5.750 5.593 11.343 
0.4 7.63 6.154 5.704 11.858 
0.6 11.50 6.586 5.813 12.399 
0.8 15.27 7.050 5.931 12.981 
In this column, the results are based on D = 100 microns. 
It is noticed that the surface pressure changes only slightly with in-
creasing radial suction flux. This accounts for the slight change in the 
pressure drag coefficient. 
The effect of constant radial suction mass flux on the surface vor-
ticity distribution is shown in Figure 20 for a Reynolds number of 1. It 
is noticed that the surface vorticity increases significantly as radial 
suction flux increases. This accounts for the large increase in the fric-
tion drag coefficient C , as mentioned in the previous section. 
DF 
The effect of radial suction flux on the flow patterns is shown in 
Figure 21 for a Reynolds number of 1. As compared with Figure 14, Figure 
21 displays a better fore-and-aft symmetry near the cylinder body. The 
streamlines have moved closer to the cylinder and their locations are 
strongly dependent on the magnitude of the radial mass flux. This can be 
explained as the fluid is being pulled partly towards the cylinder, in-
stead of being carried away completely by the bulk flow. Thus, when there 
0 30 60 90 120 150 180 
Angle, degree 
Surface Vorticity Distribution Showing the Effect of Radial 


















































































is a radial suction flux at the wall, flow separation will be eliminated 
or delayed, depending on the magnitude of the radial suction flux and the 
Reynolds number. 
Binary Solution 
The Reynolds numbers studied ranged from 0.5 to 10, and the con-
stant radial suction mass fluxes ranged from 17 to 115 gallons per day 
per square foot for a diameter of 100 microns. In addition, brief calcu-
lations at radial suction mass fluxes of 2 and 4 gallons per day per 
square foot for a diameter of 100 microns were made for a Reynolds number 
of 1 to establish the low mass-transfer data for extrapolation purposes. 
The concentration distribution was calculated over the whole flow field 
from which the Nusselt number was obtained by Equations (3-49) and (3-50). 
The computational parameters used are tabulated in Table 3. 
Local Nusselt numbers as a function of angular position are shown 
in Figures 22 to 27 for Reynolds numbers of 0.5, 1, 2, 4, 6, and 10, re-
spectively. These figures demonstrate the variation of the local Nusselt 
number over the cylindrical surface. It is seen that the maximum local 
Nusselt number occurs at the front stagnation point. The local Nusselt 
number decreases with increasing distance from the front stagnation point 
and would continue to decrease if there were no flow separation. Thus, 
the contribution of the rear region to the overall mass transfer is very 
small. Flow separation occurs near 165° from the front stagnation point 
for a Reynolds number of 10. The overall Nusselt number at this Reynolds 
number was estimated by the relation 
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































where F is defined as the ratio of the mass-transfer rate after flow sep-
aration to that before flow separation. Based on the study at Reynolds 
number of 6, F was found to be 0.045. 
Overall Nusselt numbers are shown in Figure 28, which is a plot of 
1/3 1/2 Nu ,n/Sch versus R . A straight line with a slope of 0.75 is overall b r 
obtained for each radial flux condition. These curves may be approximated 
by the relation 
1/3 1/9 
Nu ni/Sch ' = b + 0.75 R ' overall 
The values of b are 0.12, 0.19, and 0.34 for radial suction fluxes of 17, 
58, and 115 gallons per day per square foot for a diameter of 100 microns, 
respectively. For comparison, the mass-transfer data of Dobry and Finn 
and Vogtlander and Bakker (50) and the heat-transfer data of Piret, James, 
and Stacy are also shown in Figure 28. At low radial suction fluxes the 
present results have a better agreement with those of Vogtlander and 
Bakker. As the radial suction flux is increased, the deviation from the 
results of other studies becomes greater. This can be explained by the 
fact that in the present study the distortion of the velocity and concen-
tration profiles by finite velocity through the cylinder wall is taken 
into account, whereas in the other studies this effect is neglected. 
The results of the mass-transfer study show that the overall 
Nusselt number depends not only on the Schmidt and Reynolds numbers but 
also on the mass-transfer rate, indicating that the mass-transfer rates 
are relatively high within the diffusion layer. Most of the available 
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-Vogtlander & Bakker 





Figure 28. Dimensionless Correlation Showing a Linear Relationship 
Between Nu in for Mass Transfer and R^/2 overall 
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transfer rates. The result at high mass-transfer rate may be obtained by 
multiplying the coefficient at low mass-transfer rates by a correction 
factor, defined as the ratio of the mass-transfer coefficient at high 
mass-transfer rates to that at low mass-transfer rates. Based on this 
study the correction factor as a function of the radial suction mass flux 
is given in Figure 29. The overall Nusselt number at low mass-transfer 
rates was obtained by extrapolating to zero mass-transfer rate, as shown 
in Figure 30. 
The concentration buildup along the cylindrical surface was ex-
pressed by a dimensionless term f defined by 
where r is called the concentration polarization. The concentration po-
larization as a function of angular position is shown in Figures 22 to 27 
for Reynolds numbers of 0.5, 1, 2, 4, 6, and 10, respectively. For each 
Reynolds number studied, the concentration polarization increases with an 
increase in the radial suction flux. At a radial suction flux of 115 
gallons per day per square foot for a diameter of 100 microns, the concen-
tration polarization builds up sharply at the very rear portion of the 
cylinder. 
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20 40 60 80 
Radial Suction Mass Flux, gal./day/ft for D 
100 120 
100 microns 
Figure 29. Variation of Correction Factor with Radial Suction Mass Flux 
10 
0 20 40 60 80 100 120 
Radial Suction Mass Flux, gal./day/ft^ for D = 100 microns 
Figure 30. Variation of Overall Nusselt Number 
with Radial Suction Mass Flux (R = 1) 
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CHAPTER V 
CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH 
Based on the results of this study, the following conclusions 
are reached: 
1. The numerical technique used in this work gives an accurate 
description of flow characteristics at high Schmidt numbers and low 
Reynolds numbers, where boundary-layer theory fails to apply. 
2. For numerical calculation of viscous flow past a circular 
cylinder in a fluid of infinite extent, the field of computation must 
be restricted within an outer circular boundary. This outer boundary 
position used has an effect on the results of various flow properties 
calculated, in particular in the low Reynolds number region. 
3. The drag coefficient increases as the radial suction flux is 
increased. The friction drag coefficient increases more rapidly than does 
the pressure drag coefficient. This result correlates with the fact that 
the surface vorticity increases significantly with increasing radial suc-
tion flux but the surface pressure distribution is relatively insensitive 
to this process. 
4. Without radial suction flux at the cylinder wall, the flow 
patterns are almost symmetrical fore and aft at a Reynolds number of 1. 
As the Reynolds number is increased, asymmetry becomes more pronounced. 
At Reynolds numbers of 7 and 10, the flow patterns show flow separation 
and the appearance of a pair of standing eddies behind the cylinder. 
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5. With radial suction flux at the wall, flow separation will be 
eliminated or delayed, depending on the magnitude of the radial suction 
flux and the Reynolds number. 
6. The maximum local Nusselt number occurs at the front stagna-
tion point. The local Nusselt number decreases with increasing distance 
from the front stagnation point and would continue to decrease if there 
were no flow separation. 
7. The overall mass-transfer coefficient can be approximated by 
the relation 
1/3 1/2 
Nu ,,/Sch ' = b + 0.75 R ' 
overall 
where b depends on the magnitude of the radial suction flux. 
Suggestions for further study in this area are: 
1. This study can be extended to include the case of higher 
Reynolds numbers without any modification but at the expense of computa-
tion time. 
2. The numerical technique described here can be applied to study 
the viscous, incompressible flow past submerged bodies of other shapes. 
3. Viscous, incompressible flow past a circular cylinder with 
variable suction mass flux at the cylinder wall can be studied by the 
technique developed here. 
4. This study can be extended to include the case of flow past 
tube banks arranged in various configurations such as in-line, triangu-
lar, and crossed. 
5. The present numerical technique can be applied to study the 





COMPUTATIONAL ALGORITHM FOR THE METHOD OF THOMAS 
L. H. Thomas of the Watson Scientific Computing laboratory suggested 
a method for solving a special simultaneous equations for which the matrix 
of coefficients is tridiagonal in form. For a system of equations: 
Bl Vl + Cl V2 = Dl 
AI vi-i + Bi VI + CI Vi+1 = D! <2 S I S N-2) 
Let 
AN-1 VN-2 + BN-1 VN-1 ~ DN-1 
h' Bl 
yx - V h 
Pi = BI " AI CI-1 V l 
YI= (DI " AI W ^ I 
for 1 = 2 , 3 , 4. 
The solution is 
, N - l . 
VN-1 Y N - 1 
V I = ^ I - C I V I + l / P l 
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for I = N-2, N-3, . . ., 1. 
Thus B and y are computed in order of increasing I, and V is then computed 




All the computer programs presented here are written in the Fortran 
V language for the Univac-1108 electronic digital computer. The main pro-
gram is given first. Subroutines are given at the end of this appendix. 
The more important variables appearing in the program are defined: 














grid spacings /\x, &z 
relaxation factors, OL and |3 
subscripts denoting grid point (I,J) 
Schmidt number 
Pec let number 
dimensionless radial velocity at the wall 
new and old values of stream function, ty 
new and old values of vorticity, C, 
total number of grid spacings in the x- and z-directions 
velocities in the x- and z-directions 
concentration gradient in the z-direction at the wall 
concentration 
concentration at the wall 
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CO^iON '4» Rt PS I r XARRAYr YARRAY* P5TAR» VORT 
JiviLNSIOiN P H I ( 3 1 r 6 D r PHI OLD(31»61 ) r \/ORT ( 31 r 61 > » 
1JUV| (31»61)» v /X (31»b l>» V Z ( 3 1 » b l ) » E Z ( 6 1 ) »ETW0Z(61) r 
2 J X S * E Z ( 6 l ) > Y ( 6 l ) » DvOX(61 )» P X ( 3 1 ) » P Y ( 3 1 ) » D W D Z ( 3 1 ) > 
3.VZER0(31> > DCDZ(31)> F ( 3 1 ) » ^ 5 T A R ( 3 D 
J lv iLMSION l 3 J F ( i n 0 0 ) » XARRAY(33) r YARRAY(33) 
DIMENSION A ( b l ) r 3 ( 6 1 ) » C(61>» j ( b l ) » C5TAR ( 31 » 6 1 ) » 
»1) .J c o <J ti ̂ >: > (31 
PA1 = 3.1415926536 
\J 1 REAj (5flU(J) DELTr Rr v|, 
10U FORMAT (Fb.3rF'*.l»2l3) 
CHE.L< FOR INVALID DATA ..... 
IF IDLLT .LT. 0.0) STOP 
JELX = 0.10'+71975bl 
)ELZ = 0.07b 
ALPHA = l.B7tt 
RHO - 1.1U 
WRITE (b»^02) DELT» DELZ» DELX» R» VU N» ALPHA* RHO 
202 FORMAT (lHlr 1<+Xr »DELT = • 
lF8.fa» 8Xr 'DELX = fr F8.6» BX> 
2fV) = • , ld, BX» «N = »r 12 r /» 
3F5.3r QX» »RHi) = • » F5,3» /) 
SCHViDT = bbO.O 
f F6.4» bX> »DELZ = •» 
•R = 
15X» 




PL = R*5CH^DT 
PSI = - 0.00b 
PSIbO = Pbl*PSI 
DXSu = DLLX*DELX 
JZ5«I = J E L Z * D E L Z 
JXOVJZ DELX/DELZ 
RATlbO = DXSQ/DZSQ 
CONbT = 0.b*PSI*PE 
-Jl = 2.0*<i.o • RATISj) 
Vd = R+DXOVDZ/B.O 
Fb = b.0*DELX 
Fb = 6.0*OELZ 
F7 = 12.0*DELX 
Frt = 12.0*DELZ 
F9 - 2 . 0 * J E L X 
F10 = 2.0+JELZ 
Fll = 4,!J*JELZ 
F12 = b.OOELZ 
Gl - 1.0/(PE*DZSQ) 
32 = It0/<PE*F10> 
MP1 - ^ + i 
A?2 - vi + d 
^HALF = v|/2 + 1 
JP1 = M + 1 
DO 10 I = If viPl 
\/X(l»l) = 0.0 
VZ(i»l) = PSI 
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I F ( I . G T . MHALF) GO TO 12 
V X ( i » MP1) = S IN ( ( I - D * [ ) E L X ) 
V Z I 1 H P 1 ) = - COS( ( I - l ) * O t L X ) 
30 10 10 
12 V X ( K N P l ) = V X ( V | P 2 - I » N P D 
V Z d ' N P l ) = " V Z ( M P 2 - I > N P 1 ) 
10 CONTINUE 
EPS.viAX = l . O E - b 
JO i b J = 1» MP1 
E Z ( J ) = ExP( ( J - U + J E L Z ) 
^TWUZ(J) - E X P ( 2 . 0 * ( J - 1 ) * D E L Z ) 
l b JXSbiEZ(J) = DXSQ*ETWOZ(J) 
JZS^2 = 2*JZSQ 
ASSIGN THE I N I T I A L VALJES OF P H K VORT 
JO db I = 1» *IP1 
JO 2b J = l r MP1 
I F ( J . E Q . 1) GO TO 20 
V O R T ( I » J ) = 0 . 0 
I F I I . E Q , 1) GO TO 21 
I F I I . E Q . MPD GO TO 22 
P H K K J ) = E Z < J ) * V X ( I » N P D - P S I * ( I - 1 ) * D E L X 
GO 10 25 
20 P H K l r J ) = - P S I * ( I - 1 ) * D E L X 
GO TO 25 
21 P H K K J ) = 0 . 0 
GO 10 25 
22 P H K l r J ) = - PS1+PAI 
2b CONTINUE 
ITEKA = 0 
ALPHA = ALPHA/31 
RHO = RHQ/t31 
3U ITEr<A = ITERA + 1 
JO 32 I = 2» M 
JO 32 J = 2» N 
P H I J L J ( K J ) = P H K l r J ) 
32 P H I ( I » J ) = P H K K J ) + ALPHA*( - VORT ( I » J ) *DXSQEZ ( J ) 
1 + P H K l + l r J ) + P H I ( I - 1 » J ) + ( P H K I f J + 1) 
2 + PHKIr J-l) WRATISQ - 31 + PHKKJ)) 
IF ((ITERA/20)*20 .NE. ITERA) GO TO 35 
WRITE (6»203) ITERA 
203 FORMAT (23H0 ITERA = » 13) 
WRITE (6»204) (I»(PHKl»J)» J=lrNPl»5) »1 = 1» MP1» 5) 
204 FORMAT (oh I = » I2» /» 13F10.5) 
3b CONTINUE 
IF (ITERA .GT. 200) STOP 
JO Jb I = 2» vl 
JO 3b J = 2» M 
3b IFU3S(PHKK J)-PH10LD(I» J) ) .GE. EPSVIAX* GO TO 30 
WRITE (6*205) 
20b FORMAT (lH0r2bXr »C0NVER6ENCE CONDITION HAS 8EEN»» 
11X» 'REACHED AFTER A NUMBER OF ITERATIONS') 
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WRITE (6*203) ITERA 
WRIIE (6*20 6) 
206 FORMAT (lh0*23X*'STREAM FUNCTION DISTRIBUTION AT** 
11X* 'ALL GRID POINTS' ) 
WRITE (6*201) (I» (PHKlrJ) » J=l * NP1* 5) *1 = 1' MP1» 5) 
JO 5b I - 1* MP1 
2b VORT(I*1)=(8.0*PHI(I*2)-PHI(I»3)-7.0*PHI(I*1))/D?SQ2 
WRIIE (6*213) 
213 FORMAT (1H0*23X*•VORTICITY DISTRIBUTION ON THE** 
? 0 i 
H X r 'SURFACE OF THE CYLINDER' ) 
WRIIE ( 6 * 2 0 8 ) ( V O R T ( I * l ) » I = 2* VlPD 
FORYiAT (1H r l O F l 2 . 6 ) 
EPSViAX l . O E - b 
ICOUNT = 0 
99 ICOUNT = iCOUNT + 1 
JO 10 1 = 2* v| 
DO Hu J = 2* N 
DUM(1*J) = VORT(I*J) 
10 VORT(1*J)=VORT(I*J) + RHO*(VORT(I+l*J)+VORT(I-l»J) 
1 + (VORT(I*J+l) + VORTd* J-l) )*RATISQ 
2 -B1*V0RT(I*J)+B2*( ( PHI d + 1 * J)-PHI d-1 * J) > 
3 *(VORT(I*J+1)-VORT(I*J-1) )-(PHl(I*Jd ) 
4 -PHI(I*J-l))*(VORT(I+l'J)-VORT(I-lrJ)))) 
DO 13 I = 2* M 
DO 13 U = 2r N 
13 IF (VORTd*J) .GT. 200.0) STOP 
IF ((1COUNT/100)*100 .NE. ICOUNT) 30 TO 12 
ICOUNT = * ID 
WRITE (6*211) ICOUNT 
211 FORMAT (21H0 
WRITE (6*207) 
207 FORMAT (1H0»23X* 'VORTlCITY DISTRIBUTION AT ALL'* 
llx» 'GRID POIMTSM 
WRIIE (6*201) (I*(VORT(I*J)* J = l * NPl * b) * I = 1 * VIP1 * 5) 
12 CONTINUE 
DO 15 I = 2* 4 
DO lb U = 2* N 
PHlOLDd*J) - PHKlrJ) 
lb PHI(I»J) = PHI(I*J) + ALPHA*( - VORT(I*J)+DXSQEZ(J) 
1 + PHI(I+1*J) + PHI(I-1»J) + (PHKI»J+1) 
2 + P H I < I » J - 1 > ) * R A T I S 3 - 3 1 * P H I d » J ) ) 
I F ( d C O U N T / 1 0 0 ) * 1 0 0 - N E . ICOUNT) GO TO 17 
WRITE ( 6 * 2 0 6 ) 
WRITE ( 6 * 2 0 1 ) ( I » ( P H I ( I » J ) » J = l » N P 1 r b ) * 1 = 1 *MP1»5) 
17 CONTINUE 
DO 16 I = 1 * V|P1 
16 VORi ( I » l ) = ( 8 . 0 * P H I ( I » 2 ) - P H I ( I * 3 ) - 7 . 0 * P H K l » l ) ) /DZSQ2 
IF ((ICOUNT/100)*100 .NE. ICOUNT) GO TO 95 
WRITE (6*213) 
WRITE (6*208) (VORTd*])* I = 2* W?\} 
GO TO 9b 
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M-b JO bu I = 2* v4 
V X ( i » 2 ) = ( - 2 . 0 * P H I ( I » 1 ) - 3 . 0 * P H I U » 2 ) 
1 + b . 0 * P H I ( I * 3 ) - PHI(I»<+> > / ( F 6 * E Z ( 2 > > 
V X ( l * N ) = ( ? H l ( I » N - 2 ) - 6 . 0 * P H I ( I * N - l ) + 3 . 0 * P H K I * N ) 
bO 
+ 2 . 0 * P H I ( I * viPl) ) / ( F 6 * E Z ( N ) ) 
NV.l = N - 1 
JO u i ) J 3 * NV|1 
V X ( i » J ) = ( 8 . 0 * ( P H I ( I r J + l ) - P H K l » J - l ) ) + P H I ( I » J - 2 ) 
- P H l ( I * J + 2 ) ) / ( F 8 * E Z ( j ) ) 
JO J = 2* M 
V X ( 1 * J ) = 0 . 0 
VX(v )P l»J ) = 0 . 0 
V Z Q * J ) = ( 1 1 . 0 * P H I ( 1 * J ) - H . 0 * P H K 2 » J ) + 9 . 0 * P H I ( 3 * J ) 
1 - 2 . 0 * P H I U » J ) ) / ( F 5 * E Z < J > ) 
VZ(V i r> l rJ ) = ( 2 . 0 * P h I (<V!-2> J ) - 9 . 0 * P H I ( V l - l r J ) 
1 + 1 B . 0 * P H I ( V | , J ) - H . O * P H K M P l r J ) ) / ( F b * E Z ( J ) ) 
V Z ( d * J ) = ( £ . 0 * P H I ( 1 * J ) + 3 , 0 * P H I ( 2 * J ) - 6 . 0 * P H I ( 3 * J ) 
1 + P H I U r J ) ) / ( F 5 * E Z ( J ) ) 
VZ (V i f J ) = ( - P H I ("<1-2» J ) + 6 . 0 * P H I ( M - l * j ) - 3 . 0 * P H l (M* J ) 
1 - 2 . 0 * P H I ( M P l » J ) ) / ( F b * E Z ( j ) ) 
"*iv,l = V| - 1 
J u ~>J I = 3 ' v|V|l 
5b V Z U * J ) = ( 8 . 0 * ( P H I ( I - l r J ) - R H K I + 1 * J ) ) + P H I U + 2 * J ) 
1 - P H K I - 2 * J ) ) / ( F 7 * E Z ( J ) ) 
(RITE ( 6 * 2 0 9 ) 
209 FORviAT (1H0* 22X* ' X - C Q V I P O N E N T VELOCITY' * I X ' 
l ' D I ^ T R I B J T l O N AT ALL GRID P O I N T S ' ) 
WRITE (6*201*) ( I r ( V X ( I # J ) r J = l * NPl • b> » 1 = 1 * MP1 * 5 ) 
WRI1E ( 6 * 2 1 0 ) 
210 FORViAT ( l h O * 22X* • Y-COMPONENT VELOCITY ' * I X * 
1 ' D I b T R I ^ U T l O N AT ALL GRID P O I N T S ' ) 
WRITE (b»2U<4) ( 1 » ( V Z ( I . J ) » J = l »N|P1 * b ) » 1 = 1 »MP1 » 5 ) 
JO bb J = 1 MP1 
65 D A D X ( J ) = ( - U . 0 * V O R T ( l » J ) + 1 8 . 0*VORT ( 2 » J ) 
1 - 9 . 0 * V 0 R T ( 3 » J ) + 2 . 0 * V O R T U * J ) ) / F 5 
P S T A R O = 1 . 0 - P S I S Q + U . 0 / R ) * S I V | P S ( D W D X » Q E L Z * 1 * N P D 
WRITE ( 6 * 3 0 0 ) PSTARO 
3DU FORMAT (1H0* 30X* 'PSTARO = • * F 9 . 5 ) 
JO oO 1 = 1 VIP l 
J r t D Z ( I ) = ( - 1 1 . 0 * V O R T ( I * D + 1 8 . 0 * V O R T ( I * 2 ) 
1 - 9 . 0 * V O R T ( I » 3 ) + 2 .0*VORT( I»<4) ) / F 6 
WZEKO(I) = V 0 R T ( I » 1 ) 
PX(i) = (2.0/R)*SlMPS (DWDZ* DELX* 1* I) 
1 - PSI + SIVIPS (WZERO* DELX» 1* I) 
PSTMR(I) = PSTARO + 2.0*PX(I) 
60 PYU) = PX(I)*COS(Q-1)*DELX) 
WRIIE (6*301) 
301 FORMAT (1H0* 23X* 'PRESSURE DISTRIBUTION ON THE'* IX, 
l'SURFACE OF THE CYLINDER') 
WRITE (6*208) (PSTAR(I)* I = 2* VIPI) 
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00 b8 I = 1» V|P1 
5b Y(I) = VORT(I»l)*VX(I»NPD 
CDF = (4.U/R)*SIMPS (Yr DELX> lr MP1) 
WRITE (6»211) CDF 
211 FORMAT (1H0> 22X» 'DRA3 COEFFICIENT CDF = »»F10.5) 
CDP = 2.0*SIMPS (PYr DELXr 1» MPl) 
WRITE (6>212) CDP 
212 FORMAT (1H0, 22X» 'DRAG COEFFICIENT CDP = »*F10.5) 
CD = CDF + CDP 
WRITE (6»215) CD 
21b FORMAT (IHOr 22X» »TOTAL DRA3 COEFF. CD = CDF +'»1X» 
l'CDP = •f F10.5) 
IF (ICOUNT .EG). IMAX) 30 TO 199 
9b DO 98 I = 2r M 
DO 98 J = 2» !M 
98 IF (A6S(PHI(I»J)-PHlOLQ(IrJ)) .GE. EPSMAX .AND. 
1AB5(DUM(I» J)-v/ORT(I» J) ) .GE. EPSMAX) GO TO 99 
WRITE (6»20b> 
IMAA = ICOUNT 
WRITE (b»ai) ICOUNT 
WRITE (6»id0 6) 
WRITE (6r20'4) (I» ( PHI (I r J) • U=liNP1»5)>1=1>MPl>5) 
WRITE (6»207) 
WRITE (6»2D4) (I»(VORT(I»J)f J=l»NP1»5)* 1 = 1»MP1»5) 
WRITE (6»213) 
WRITE (6*208) (VORT(I»D» I = 2> MPD 
30 TO 48 
199 CONTINUE 
XARRAY(32) = 0.0 
XARRAY(33) = 30.0 
YARRAY(32) = - 4.0 
YARRAY(33) = 1.0 
CALL PLOTS (IrHJF(l)r lOOOf 2) 
CALL PL0T1 
YARRAY(32) = -0.4 
YARRAY(33) = 0.2 
CALL PL0T2 
CALL PLOT (0.0» 0.0» 999) 
WRITE (6»209) 
DO 302 I = If MP1 
302 WRITE (6*310) (VX(I»J)r J = 1» NPl) 
WRITE (6»210) 
DO 304 I = if MP1 
304 WRITE (6»310) <VZ(I>J)» J = 1» NPD 
K = N 
KP1 = K + 1 
KM1 = K - 1 
1 = 1 
CGUESS(1»D = 1.36 
CSTAR(lrl) = CGUESS(1»1) 
CSTAR(lrKPl) = 1.0 
DO bOO J = 2r K 
G3 = V Z ( 1 » J ) * E Z ( J ) / F 1 1 
A ( J ) = G l + G3 
i i ( J ) = - 2 . 0 + G 1 
C ( J ) = G l - G3 
500 D ( J ) = 0 . 0 
ITERA = 0 
GO TO 502 
i+90 C S T A R Q r l ) = C G U E S S ( l r l ) 
502 D ( 2 ) = - A ( 2 ) * C S T A R ( 1 » 1 ) 
3 ( K ) = - C ( K ) * C S T A R ( 1 K P 1 ) 
CALL TRIDAG (2» K» Ar B» Cr D» Y> 
ITERA = ITERA + 1 
DO 501 J = 2r K 
CSTAR(1»J) = Y(J) 
IF IC5TAR(1#J) .LT. l.o> 30 TO 495 
501 CONTINUE 
49b DO 496 L = J» K 
496 C5TARllrL) = 1.0 
CGJtSb(l»D = (18.0*CSTAR(1»2) - 9.0*C5TAR(lr3) 
1 • 2.0*CSTAR(1»4) )/(11.0 + C0NST*F6) 
IF (ArfS(CGUESS(l»l)-CSTAR(l»l)) .GE. EPSMAX) 
1 GO TO 490 
CSTAR(lfl) = CGUE55(lri) 
WRITE (6>205) 
WRITE (6»218> I» ITERA 
216 FORMAT (1H0, 25Xr »I = •» I2» 4X» 'ITERA = •» 13) 
WRITE (6»310) (CSTAR(lrJ)r J = 1» K) 
310 FORMAT (1H » 10F13.7) 
DCD^(l) = ( - 11.0*CSTAR(1'1) + 18.0*CSTAR(1 * 2> 
1 - 9.0*CSTAR(1»3) + 2.0*CSTAR<1'4))/F6 
WRITE (6»313> DCDZ(l) 
313 FORMAT (IHOr 22X» 'LOCAL CONC. GRADIENT DCDZ = •» 
1F10.6) 
F(l) = DCDZ(1)/(CSTAR(1»1) - 1.0> 
ALOCNU = - 2.0*F(1) 
WRITE (6»314) ALOCNU 
314 FORMAT (1H0>22X> 'LOCAL NUSSELT NUMBER ALOCiMU = » 
1F10.6) 
DO 700 I = 2> M 
CGULSS(I»1> = 1.01*CSTAR<I-1»1) 
CSTAR(I>1> = CGUESSdrl) 
CSTARU>KP1) = 1.0 
DO bOO J = 2» K 
G3 = (VZ(IrJ) + VZ(I-1»J))*EZ(J)/F12 
G4 = (VX(I»J) + VX(I-1,J))*EZ(J)/F9 
A(J) = Gl + G3 
B(J) = - (2.0*G1 + G4> 
C(J) = Gl - G3 
600 D(J) = - A( J)*CSTAR(I-1> J-l> + (2.0*G1-G4) 
1 *CSTAR(I-1>J) - C(J)*CSTAR(I-1»J+1) 
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ITERA = 0 
GO TO 594 
590 CSTAR(I'l) = CGUES5(I»i) 
00 592 J = 2f K 
G4 = (VX(lrJ) + VXCI-lrJ))*EZ(J)/F9 
592 D(J) = - AlJ)*CSTAR(I-lrJ-D + (2.0*G1~G4) 
1 *CSTAR<I-1»J) - C(J)*CSTAR(I-1»J+D 
594 0(2) = 0(2) - A(2)*CSTAR(I»D 
D(<) = D(K) - C(K)*CSTAR(IrKPl) 
CALL TRIDAG (2r. K» A» 3» Cr D> Y) 
ITEKA = ITERA + 1 
DO bOl J = 2» K 
CSTAR(I»J) = Y(J) 
IF (CSTAR(I»J) .LT. 1,0) GO TO 595 
601 CONI'IMUE 
59b DO 596 L = J' K 
596 C5TAR(IrL) = 1.0 
C6JESS(I»1) = (1B.0*CSTAR(I»2> - 9.0*CSTAR(I * 3) 
1 + 2.0*C5TAR(im) )/dl.O + C0NST*F6) 
IF (A3S(CGUES5(Irl)-CSTAR(I»l)) .GE. EPSMAX) 
1G0 TO 590 
CSTAR(Ifl) = CGUESS(I»1) 
WRITE (6>205) 
WRITE (6»218) I» ITERA 
WRITE (6*310) (CSTAR(IrJ)r J = 1» K) 
DCOZ(I) = ( - 11.0*CSTAR(If1) + 16.0*CSTAR(It2) 
1 - 9.0*CSTAR(I»3) + 2.0*CSTAR(I»4))/F6 
WRITE (6»313) DCDZ(I) 
F(I) = DCDZ(I)/(C5TAR(I»1) - 1.0> 
ALOCNJ = - 2.0*F(I) 
WRITE (6>514) ALOCMU" 
700 CONTINUE 
1 = MP! 
C G J L b S ( v i P l t l ) = 1 . 3 0 * C s T A R ( V | , i ) 
CSTAR(MPlrl) = CGUESS(v,Plr 1) 
CSTAR(MP1»*P1) = 1.0 
DO 600 J = Z* K 
G3 = (VZ(MP1»J) + VZ(V!rJ) )*EZ(J)/F12 
G4 = (VX(V1P1»J) + \/X(M» J) )*EZ( J)/F9 
A(J) = Gl + G3 
•3(J) = - (2.0*G1 + G4) 
C(J) = Gl - G3 
BOO D(J) = - A( J)*CSTAR(v|, j-l) 4- ( 2. 0*G1-G4) *CSTAR (M t J) 
1 - C( J)*CSTAR(v|r J+1) 
ITERA = 0 
30 TO 794 
790 C S T A R ( v i P l r l ) = CGJESS ( viPl 11) 
DO 792 J = 2» K 
G4 = W X ( V i P l r J ) + VX(M r J ) ) * E Z ( J ) / F 9 
792 D ( J ) = - A( J ) *CSTAR(v i» j - l ) + ( 2 . 0 *G1-G4) *CSTAR ( vi» J ) 
1 - C ( J ) * C S T A R ( ^ r J + l ) 
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794- D(2) = D(2) - A(2)*CSTAR(V!P1»1) 
D(K) = D(K) - C(K)*CSTAR<V!P1»KP1) 
CALL TRIDAG (2r K» A» B# C» Dr Y) 
ITERA = ITERA + 1 
30 601 J = 2» K 
C5TAR(V|P1»J) = Y(J) 
IF (CSTAR(V|P1»J> .uT. 1,0) GO TO 69b 
801 CONTINUE 
69b 00 o96 L = J» K 
69b CSTAR(MPlrL) = 1.0 
IF (ITERA .GT. 150) STOP 
CGULSS(MPI'I) =(18.0*C5TAR(v|Plr2)-9.0*CSTAR(MPl»3) 
1 + 2.0*CSTAR(MP1»4) )/(11.0*CONST*F6> 
IF (AB5(CGUESS(V|Pl»l)-CSTAR(viPl»l) ) .GE. EPSMAX) 
1G0 TO 790 
CSTAR(MPlrl) = CGUESS(V!P1>1) 
WRITE (6*205) 
WRITE (6»2l8) It ITERA 
WRITE ( 6 » 3 1 0 ) (CSTAR(viPl# J ) t J = 1» K) 
DCD£(v iP l ) = ( - U . Q * C S T A R ( M P 1 > 1 ) + 1 8 . 0 * C S T A R ( V | P 1 . 2 ) 
1 - 9 . 0 * C S T A R ( v | P l » 3 ) + 2 . 0 * C S T A R ( M P l r » + ) ) / F 6 
WRITE ( 6 » 3 1 3 ) DCDZ(MPl) 
F(MP1) = DCDZ(MP1) / (CSTAR(V |P1 ,1 ) - 1 . 0 ) 
ALOCNU = - 2 . 0 * F ( M P 1 ) 
WRITE (6t3lM) ALOCNU 
AVEGRA = GRAO ("At DCDZ, DELZ) 
WRITE (6»31b) AVEGRA 
315 FORMAT (lH0»22Xr'AVERAGE CONC. GRADIENT AVEGRA = • 
if F10.6) 
OVERNU = - (2.0/PAI)*SlMPS (Ft DELX* 1» WD 
WRITE (6»316) OVERNU 
316 FORMAT (1H0r22X»•OVERALL NUSSELT NUMBER OVERNU = • 
It Fi0.6) 
GO TO 1 
END 
SUBROUTINE TRIDAG (IF» L» A» B» Ct Qt V) 
DIMENSION A(l)» B(i)> C(l)r Dd)» V(l)r 
1 3ETA(1Q1>> GA^A(lOl) 
BETA(IF) = 3(IF) 
GAMMA(IF) = D(IF)/3ETA(IF) 
IFPi = IF + 1 
DO 1 I = IFP1» L 
BETA(I) = 3(1) - A(I)*C(I-D/8ETA(I-1) 
1 GAVMA(I) = (D(I) - A(I)*GAV|W|A(I-1) )/BETA(D 
V(L) = GAMV|A(L) 
LAST = L - IF 
DO 2 K = It LAST 
I = L - K 




FUNCTION GRAD (Mr Fr QZ) 
DIMENSION F(i) 
OCD c = 0.0 
V|P1 = M + 1 
DO i I = If MP1 
IF (1 .EQ. 1 .OR. I .EQ. MPD SO TO 2 
DCDZ = DCOZ + F(I) 
GO TO 1 
2 DCDZ = DCDZ + 0.5*F(I) 
i CONTINUE 
DCD^ = DCDZ/M 
GRAu = DCDZ 
RETURN 
END 
FUNCTION SIMPS (Fr H» IR» IS) 
DIMENSION F(l) 
N = (IS - lR)/2 
N WILL 3E TRUNCATED^ IF (IS - IR) IS NOT EVEN 
IF (IS-IR-1) 10r 20r 30 
10 SIMPS = 0.0 
RETURN 
20 SIMPS = (F(IR) + F(IS))*H/2.0 
RETURN 
30 SUM = F(IR) 
NM1 = N ~ 1 
IF (NM1 ,LT. 1) GO TO 3 
DO 1 I = IRr NM1 
1 SUM = SUM + 4.0*F(IR+2*I-1) + 2.0*F(IR+2*I) 
3 IF ((IS - IR) .NE. (2*N)> GO TO 2 
SUM = SUM + t+.0*F(IR + 2*N-l) + F(IR+2*N) 
SIMPS = H*SUM/3 
KETURM 
2 SUM = SUM • t+.0*F(IR + 2*N-l) • 2.5*F(IR+2*N) 




COMMON Mr R» PSlr XARRAYr YARRAYr ?STAR 
DIMENSION Z(l)r XARRAY(33)r YARRAY(33)r »STAR(31) 
CALL PLOT (O.Or "0.5r 3) 
Z(l) = »X-A3SC» 
Z(2) = »ISSA..' 
CALL AXIS (O.Or O.Or Z, -10* 6.0» O.Or XARRAY(32)r 
1XARRAY(33)) 
Z(l) = »Y-ORDI» 
Z(2) = fNATE..f 
C A L L AXIS (O.Or 0.0* Z» 10* 10.0* 90.Or 
lYARRAY(32)r YARRAY(33)) 
CALL PLOT (6.Or O.Or 3) 
CALL PLOT (6.0» 10.0» 2) 
CALL PLOT (O.Or 10.Or 2) 
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Z(l) = 'SURFAC 
Z(2) = fE PRES 
Z(3) = 'SURE D 
Z U ) = fISTRIB 
Z(5) = 'UTION 
CALL SYMBOL (1 
Z(l) = 'PLOTTE 
Z(2) = »D OM A 
Z(3) = • CALCO 
Z U ) = »MP PLO 
Z(5) = »TTER.. 
CALL SYMBOL (1 
CALL SYMBOL (1 
10.Of 18) 
0» 9 . 7 r 0.1<+r Z» O.Or 2 9 ) 
0» 9.<+r 0.1<+r Z» O.Or 2 8 ) 
Or 9.1r 0.m»18HREYNOLDS MUMBER = » 
CALL MUMBER (999.Or 999.Or 0,lt» Rr O.Or 1) 
CALL SYMBOL (l.Or rf.8r 0.14r 6HPSI = r O.Or 6) 
CALL MUMBER (999.Or 999.Or 0.14r PSlr O.Or 2) 
MP1 = VI + 1 
JO bOO I = lr MP1 
XARRAY(I) = (I-D+6.0 
bOO YARRAY(I) = PSTAR(I) 




COMMON Mr R, PSIr XARRAYr YARRAY' PSTARr VORT 
DIMENSION Z(l)r XARRAY(33)r YARRAY<33)» PSTAR(31)r 
1 V0RT(31rl) 
CALL PLOT (7.0 
Z(l) = 'X-A3SC 
Z(2) = »ISSA.. 
CALL AXIS (0.0 
1XARRAY(33)) 
Z(l) = 'Y-0R3I 
Z(2) = »NATE.. 
CALL AXIS (0.0 
1YARRAY(33)) 
CALL PLOT (6.0 
CALL PLOT (6.0 
CALL PLOT (0.0 
Z(l) = »SURFAC 
Z(2) = 'E VORT 
Z(3) = 'ICITY 
Z U ) = 'OISTRI 
Z(5) = '3UTI0N 
CALL SYMBOL (1 
O.Or -3) 
O.Of Zf -10' 6.0» 0.0» XARRAY<32>» 




Or 9.7r 0.lHr Zr O.Or 30) 
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1(1) = ' P L O T T E ' 
1(2) = fO ONI A» 
1(5) = • CALCO» 
l(i\) z »^p PLO' 
1(5) = ' T I E R . . ' 
CALL SYV130L ( 1 . 0 » 9 . 4 r 0.1<+r Z» O.Or 2 8 ) 
CALL SYMBOL ( 1 . 0 » 9 . 1 r 0 . m r18HREYN0LDS NUMBER = r 
1 0 . O r I B ) 
CALL NUMBER < 9 9 9 . 0 r 9 9 9 . O r 0.1<+r Rr O.Or 1) 
CALL SYMBOL ( l . O r B .8 r 0 . 1 4 r 6HP5I = r O.Or 6 ) 
CALL NUMBER ( 9 9 9 . O r 9 9 9 . O r 0.1<+r PSI r O.Or 2) 
MP1 = M + 1 
JO bOO I = l r WIP1 
XARRAY( I ) = ( I - l ) * b . O 
600 Y A R K A Y ( I ) = V O R T ( I r l ) 





CALCULATION OF RADIAL MASS FLUX 
The following is a sample calculation of radial mass flux at a 
dimensionless radial velocity Vn of 0.006 and a diameter of 100 microns 
R = 1 
2a = 100 microns 
v = 0.009 cm/sec. 
V 




= 0.9 cm/sec 
vo = vo * u» 
= 0.006 X 0.9 cm/sec. 
= 0.006 X 0.9 X 2.12 X 104 gal./day/ft2 
radial suction mass flux G = 115 gal./day/ft' 
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